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Abstract 

In this paper we mainly investigate the Cauchy problem of some Camassa-Holm type systems. 
By constructing a new auxiliary function, we present a generalized Ovsyannikov theorem. By 
using this theorem and the basic properties of Sobolev-Gevrey spaces, we prove the Gevrey reg¬ 
ularity and analyticity of these systems. Moreover, we obtain a lower bound of the lifespan and 
the continuity of the data-to-solution map. 
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1 Introduction 


In this paper we mainly consider the Cauchy problem for some Camassa-Holm type systems which can 
be rewritten in the following abstract form: 


W = F(t,u(t)), 
u|t=o = uo- 


In the following, we will prove the well-posedness of (1.1) in Sobolev-Gevrey spaces under some suitable 
conditions on the function F. The most important and famous equation in (1.1) is the Camassa-Holm 
equation (CH): 


(CH) 


or equivalently 


m t + 2 m x u + mu x = 0, m = u- u xx ,, 
m| t=0 = m 0 . 


(CH) 


u t = -ud x -d x { l-d xx ) 1 [u 2 + \{u x ) 2 ], 
u|t =0 = Mo- 


The Camassa-Holm equation was derived as a model for shallow water waves ejcezi- It has been 
investigated extensively because of its great physical significance in the past two decades. The CH 
equation has a bi-Hamiltonian structure 0[24] and is completely integrable El IS- The solitary wave 
solutions of the CH equation were considered in El El, where the authors showed that the CH equation 
possesses peakon solutions of the form Ce~^ x ~ ct i It is worth mentioning that the peakons are solitons 
and their shape is alike that of the travelling water waves of greatest height, arising as solutions to the 
free-boundary problem for incompressible Euler equations over a flat bed (these being the governing 
equations for water waves), cf. the discussions in mmmm- Constantin and Strauss verified that 
the peakon solutions of the CH equation are orbitally stable in ns3- 

The local well-posedness for the CH equation was studied in mmm |4T| . Concretely, for 
initial profile Mo £ H s ( R) with s > §, it was shown in mmm that the CH equation has a unique 
solution in C([0,T); £F(R)). Moveover, the local well-posedness for the CH equation in Besov spaces 
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1 INTRODUCTION 


C([0, T);Bp r ( R)) with s > max(|, 1 + |) was proved in [2T]. The global existence of strong solutions 
was established in mmm under some sign conditions and it was shown in uni mm nn that the 
solutions will blow up in finite time when the slope of initial data was bounded by a negative quantity. 
The global weak solutions for the CH equation were studied in [18] and [47] . The global conservative 
and dissipative solutions of CH equation were presented in [ 3 ] and [5], respectively. The analyticity 
for the solutions of CH equation were investigated in [3j and [32]. 

A natural idea is to extend such study to the multi-component generalized systems. One of the 
most popular generalized systems is the following integrable two-component Camassa-Holm shallow 
water system (2CH) [20] : 


(2CH) 


rrit + um x + 2 u x m + kpp x = 0 , m = u — u xx , 
< p t + ( up) x = 0 , 

m\t=o = mo, P |t=o = Po, 


or equivalently 


(2CH) 


u t = -ud x - d x (l - d xx )~ l [u 2 + \{u x ) 2 + | p 2 ], 
< p t = ~{up ) x , 

w|t =0 = M 0 iP|t =0 = Po, 


where k = ±1. Local well-posedness for (2CH) with the initial data in Sobolev spaces and in Besov 
spaces was established in [20] , [22] , and [30] , respectively. The blow-up phenomena and global existence 
of strong solutions to (2CH) in Sobolev spaces were obtained in [22], [25] and [301. The existence of 
global weak solutions for (2CH) with k = 1 was investigated in [27]. 

Another one is the modified two-component Camassa-Holm system (M2CH) [5Tj : 




mt + um x + 2 u 

x m 

+ kpp x = 0 , 

m = 

(M2CH) 

< 

pt + ( up) x = 0 , 

P 

= (! - 9 2 )(p 

-Po) 



m\t=o 

= u 0 ,p\t= 

=0 = 

= Po, 


or equivalently 








/ 

u t 

II 

1 

e 

H 09 

- d x (l - 

d xx ) 1 [u 2 + \{u x ) 2 + 

(M2CH) 

It 

c 1 

s 

II 

- (1 - d xx )~ 

((V j x r )x)x 

U x 7 ), 


u\ 

=0 — Uq 

O 

II 

o 

ji 




where k = ±1 and p 0 is a constant. Local well-posedness for (M2CH) with the initial data in Sobolev 
spaces and in Besov spaces was established in [26] and [30] respectively. The blow up phenomena of 
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1 INTRODUCTION 


strong solutions to (M2CH) were presented in [26,. The existence of global weak solutions for (M2CH) 
with k = 1 was investigated in [25]. The global conservative and dissipative solutions of (M2CH) 
equation were studied in [42] and [43], respectively. The analyticity of the solutions for (M2CH) was 
proved in [48] . 

Recently Geng and Xue proposed a new three-component Camassa-Holm system with N-peakon 
solutions [291 : 


(3CH) 


Ut — vQj X T v x b T 2^b x nc), 

v t = 2 vb x + v x b, 

w t = -vc x + w x b + | wb x + %w(a x c x - ac), 


< 'LL — CL Ojxxi 

v — "^{pxx 46 CLxx^x Cxx&x H - 3a x c 3ac x ^ : 
w = c c xx , 

u\t=o = Uo, v\t=o = Vo, w| t= o = w 0 . 


It is based on the following spectral problem 


( 1 . 2 ) 





1 0 1 o\ 

-e- 

H 

II 

i®~ 

-e~ 

II 

02 

, u = 

1 + Xv 0 u 


w 


^ a w o oy 


where u , v, w are three potentials and A is a constant spectral parameter. It was shown in [29] that 
the N-peakon solitons of the system (1.1) have the form 

N 

(1.3) a{t,x)=J2 a i(t)e~ 1—^)1, 

i =0 
N 

b(t, x ) = Y, b i(t) e ~ 2lx ~ Xi{t)l , 

i=0 

N 

c(t,x) = 

i=0 

where a^, bi, Ci and Xi evolve according to a dynamical system. Moreover, the author derived infinitely 
many conservation laws of the system (1.1). In [35], the authors proved the local well-posedness and 
global existence of strong solution to (3CH) under some sign conditions. 

Many researchers have studied the analyticity of solutions to Camassa-Holm type systems, cf. [3], 
[32] and [35] . However, to our best acknowledge, the Gevrey regularity of solutions to the Camassa- 
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Holm equation is still an open problem. Our motivation is to solve this problem. To begin with, we 
introduce an abstract Cauchy-Kovalevsky theorem which is very crucial to study the analyticity: 


Theorem 1.1. j7[ \3i % iWj Let { ^0}o<(5<i be a scale of decreasing Banach spaces, namely, for any 
S' < S we have Xs C Xs> and || ■ ||a' < || • ||{, and let T, R > 0, a > 1. For given uo £ X±, assume that 
the function F satisfies the following conditions: 

(1) If for 0 < S' < S < 1 the function t H > u(t ) is holomorphic in |f| < T and continuous on |t| < T 
with values in X s and 

sup \\u(t)\\s < R , 

I t\<T 

then 1 1 —^ F(t,u(t)) is a holomorphic function on |f| < T with values in Xs>. 

(2) For any 0 < S' < S < 1 and any u, v £ B(u$, R) C Xs, there exists a positive constant L depending 
on u o and R such that 

sup \\F(t,u) -F(t,v)\\ S ' < j-^—Wu-vWs- 
\t\<T S - S 

(3) For any 0 < S < 1, there exists a positive constant M depending on uq and R such that 

M 

sup ||F(f, ii 0 ) ||<5 < - - j- 

\t\<T 1 — 0 

Then there exists a To £ (0,T) and a unique solution to the Cauchy problem (1.1), which for every 
S £ (0, 1) is holomorphic in |t| < Tq(1 — S) with values in Xs- 


Theorem ll.il was first proposed by Ovsyannikov in [38] ,[39], [40 ;. However, the original Ovsyannikov 
theorem becomes invalid for the Gevrey class. Because this kind of spaces do not satisfy the condition 
(2) of the Ovsyannikov theorem. More precisely, in Section 2, for the Gevrey class, we see that 


(1.4) 


sup ||.F(t,u) -F(t,v)\\ S ' < ———- 

|t|<T (0-0') 


\u-v\\s, 


with a > 1. If o’ > 1, the inequality (1.4) is weaker than the condition (2) because it is nonlinear decay. 
Thus, we need a new framework which is associated with the properties of the Gevrey class. In this 
paper, we modify the proof of [35] and establish a new auxiliary function, then obtain a generalised 
Ovsyannikov theorem. By using this theorem, we obtain both the Gevrey regularity and analyticity 
of the solutions to Camassa-Holm type systems. Moreover, by taking advantage of the idea in [3], we 
prove that the continuity of the data-to-solution map. 

The paper is organized as follows. In Section 2 we recall some properties about Sobolev-Gevrey 
spaces. In Section 3, we prove a generalized Ovsyannikov theorem. In Section 4, we prove the 
analyticity and Gevrey regularity of the solutions to some Camassa-Holm type systems. In Section 5, 
we show that the data-to-solution map is continuous from the data space to the solution space. 
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2 Preliminaries 


Firstly, we introduce the Sobolev-Gevrey spaces and recall some basic properties. 


if and only if 


Definition 2.1. 1 23f Let s be a real number and a, S > 0. A function f 6 G 
f G C 0O (R d ) and satisfies 

1 

WfWc^m = (J (1 + |e| 2 ) s e 25 'f^ \m\ 2 d^j 2 < OO. 

Remark 2.2. Denoting the Fourier multiplier fry 

we deduce that ||/||g 5 (R d ) = || e <5(- A ) 2<T /|| ffS ( R d). For 0 < a <1, it is called ultra-analytic function. If 
a = 1, it is usual analytic function and S is called the radius of analyticity. If a > 1, it is the Gevrey 
class function. 

Proposition 2.3. Let 0 < S' < 6, 0 < a' < a and s' < s. From DeRnition \2.1l one can check that 

~<8 


<->■ G d , 

W £T,S' 


G 5 a JR d ) ^ G s a>s (R d ), Gi, tS (R d ) ^ G 5 ^ s (R d ) and G s ay 
Proposition 2.4. Let s be a real number and a > 0. Assume that 0 < S' < S. Then we have 

II 5 */|| g j' s (m) < (5 _ §ty II/HgJ..(r)- 

Proof. Since d x f = il;f, it follows that 

(2.i) \\d x ff Gt , (R) = /(i + i?i 2 re 25 'if i iei 2 i7(oi 2 ^ 

(1 + |e| 2 ) s e 25 l«l" e - 2 l(5-5')-|€ll - ( S _ <5') 2ff |£| 2 |/(£)| 2 d£ 


(6-S') 


2a 


< 


\ 2 G s 


^ S u P {e-^- s r\(\]- { s-sTm- 


(s-sr* ee g i 

Let 2 = [(<5 — <5 , ) 0 ’|£|]s r > 0 and consider the function g(z) = e~ 2z z 2rj . By directly calculating, we have 
lim z ^o g{z) = 0, lim z _i. +00 g(z) = 0 and g'{z) = —2 e~ 2z z 2a + 2 ae~ 2z z 2a ~ x . By solving g'(z) = 0, we 
obtain that z = a, which implies that g{z) < g{a) = e~ 2cr o 2a . Then, we deduce from (2.1) that 

p— a rr <y \\f\\^F. ™ 

II$z/|IgJ' (R) — 


(6 - S’Y 


□ 
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Proposition 2.5. (Product acts on Sobolev-Gevrey spaces with d = 1) Let s > (, a > 1 and S > 0. 
Then, G s a s (K) is an algebra. Moreover, there exists a constant C s such that 

ll/ffII gJ s (R) < C l s|l/llGj i3 (M)llffllGj i3 (R)- 
Proof. Since fg = f* g, it follows that 
( 2 . 2 ) 


II/sIIg* (R)= / (l + IC| 2 ) s e 25 'f'"|/*?| 2 ^ 

■ Jr 

= / (l+l?| 2 ) s f [ f(q)g^~g)dg] d( 


[ (i + ki 2 rf / 

Jr \ Jr 

[ (i+icm^c 

Jr 


<5|? v\ ” e <5bl ” f(rf)g{^ — rj)dg\ df (Here we use the fact that a > 1 ) 


e 6(-A) f) * ^(-A) 2 . g) ^ = || (e «(-A) - f) . (e «(-A) - g)\\ 2 HS(R) 


<c s ||e a( A) ^/||^( R )||e 5( A)5F 3 \\h°(r) {Here we use the fact that s >-) 

= CsWfWhs (R) ||3|| 2 G£ (r)- 


□ 


Proposition 2 . 6 . Let s > i, a > 1 and 5 > 0. There exists a constant C s such that 

II/^IIg® 3 _ 1 (m) — CsII/IIgj^.^r) II^Hgj i 3 (r)- 

Proof. By the similar argument as in Proposition 12.51 we have 

(2-3) II/3||^ s _ i( r) < ||(e 5( - A) */) • (e^)- ff )||^_ 1(K) . 

Using the fact that ||a 6 || ff .-i( R ) < C' s ||a|| ff a-i( R )|| 6 || Jf3 ( R ) if s > we get 


(2.4) 
II (e 1 


■ tf (- A ) a ' /) - ( e*(—A) a ' ff)l || r ._ i m <C s \\e 5 (- A ^f\\ 2 HS - r^He ^) 2 ^!! 2 


H s 


^II/IIg^_ i( r)II.9IIgu 


□ 


Through out this paper, we use the notations P\ = (1 — d xx ) , P 2 = (4 — d xx ) 1 , P 3 = d x and 
Pij = PiPj with 1 < i,j < 3. 

Proposition 2.7. If s £l, a, S > 0 and f € G s a S (R), then 


(2.5) 


II-Pl/IIg^r) — II/IIg* s _ 2 (r) — II/IIg®, 
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( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 
(2.9) 


IIA/IIg^R) < ^||/||g* iS (R 
II-Pi3/IIgi iS (r) < II/IIg* s _ 1 ( 
II-Pis/IIg^CR) < 2 UHgJ jS (i 


||^23/||gJ iS (R) < J |I/IIg* iS (R)- 

Proof. Since &[Pif] = -^[Pif] = ipjfpr, ^[Pisf] = p^p and &[P 23 f] = pqp, it follows 

that 

( 2 . 10 ) 

WPifWa* 


_ 2 (r) < II/IIg*_ 


\P 2 fWd ,(R) — 


= ([(i + \tfy- 2 e 2m m\ 2 d^ = \\f\\ G s 
J R 

( X&TlfFF e25lel ' 7(c) ' 2rf0 " - = ^ll/lk,(R), 

IIAs/IIg* ,(R) = (/ (! + |e| 2 ) s - 2 |^| 2 e 2 ^ l |/(0| 2 ^)^ <(/(! + |^| 2 ) s - 1 e 25 ^|/(0| 2 dO l = II/IIg' i( r) 

JR JR 

iias/iigj.(r) = (/ (i + \er~ 2 \ee 2m \m\ 2 do^ < ( [ {1 + l f y e 2s ^\m 2 ^ = hf\\ G , s(R) , 

JR JR 4 z 

ii^3/iig^ ( r) = (jf (1 ( t+|ep? |2 e2 " sl i / ^)' 2(i0i - i(j[ (1 + le|2)Se25 ' £l| ^ )|2rfo1 = i ii/IIg - (r) - 

□ 

Notations. Since all function spaces in the following sections are over R, for simplicity, we drop 
R in the notation of function spaces if there is no ambiguity. 


3 A generalized Ovsyannikov theorem 


In order to study the Gevrey regularity of (1.1), we need the following generalized Ovsyannikov theo¬ 
rem. 


Theorem 3.1. Let (Vi}o< 5 <i be a scale of decreasing Banach spaces, namely, for any S' < 5 we have 
Xs C Xs’ and || • ||j/ < || • ||< 5 . Consider the Cauchy problem 


(3.1) 


W = F(t,u(t)), 

u|t=o = U 0 . 


Let T, R > 0, er > 1. For given uq G X±, assume that F satisfies the following conditions: 

(1) If for 0 < S' < S < 1 the function t <—> u(t ) is holomorphic in |f| < T and continuous on |i| < T 
with values in X s and 


sup \\u(t)\\s < R, 

\t\<T 










3 A GENERALIZED OVSYANNIKOV THEOREM 


then 1 1 — y F(t,u(t)) is a holomorphic function on \t\ < T with values in X$>. 

(2) For any 0 < S' < 6 < 1 and any u,v £ B(uq, R) C X$, there exists a positive constant L depending 
on u o and R such that 

sup \\F(t,u) - F(t,v)\\ s > < , L \\u-v\\s. 

\t\<T {6-d') a 

(3) For any 0 < S < 1, there exists a positive constant M depending on uq and R such that 

M 

SUP ||F(f,Uo)||<5 < 7 Z -777- 

\t\<T (1 - 0) 

Then there exists a To £ (0 ,T) and a unique solution u(t ) to the Cauchy problem \3.1\) . which for 
every 5 £ (0, 1 ) is holomorphic in |f| < T °^ with values in X$. 

Remark 3.2. In fact, Tq = min{ , ( 2 ^- 1 ) 2 ^+^ r+m }> which gives a lower bound of the lifespan. 

Remark 3.3. If a = 1, Theorem \3.1\ reduced to the so called abstract Cauchy-Kovalevsky theorem. 
The original results were first proposed by Ovsyannikov in 138)/ . \39 j / and M- Later, Nirenberg \30f . 
Nishida [ffTj /, Treves £g]/, JJ5/ , and Baouendi and Goulaouic m,m developed a lot of different versions 
of this theorem. 

The proof of Theorem 13.11 is based on the fixed point argument in some suitable Banach space. 
Now we introduce a new Banach space. 


Definition 3.4. Let a > 1. For any a > 0 we denote by E a the space of functions u(t) which for 
every 0 < 5 < 1 and |t| < , are holomorphic and continuous functions oft with values in X$ 

such that 


(3.2) 


UE a = 


\t\< 


sup 

ai.l-S)” 


t 0<c5<l 


| U (i)||,(l-<S)° 


' 1 - 


1*1 


i(l - 6) a 


< + 00 . 


Proposition 3.5. Let a > 1. For any a > 0, the function space E a is a Banach space equipped with 
the norm || • ||.g a . 


Proof. Suppose that (u n ) n > 1 is a Cauchy sequence in E a , that is 


||w ra — u m \\E a —> 0, as n,m—>-oo. 


By virtue of the definition of E a , we deduce that for any 0 < S < 1, 


sup 

I 


\U n Un 


o, 


as n,m —>• 00 . 
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3 A GENERALIZED OVSYANNIKOV THEOREM 


Since X$ is a Banach space, it follows that there exists a us € Xs such that 

sup ||it n — i/alla —> 0 , as n —> oo. 

Now we claim that us is independent on S. Indeed, if <5i ^ 62 , with loss of generality suppose that 
<$1 < 62 , and we obtain that, 


\\u n — us 2 \\s 1 < \\u n ~ us 2 \\s 2 ^ 0, as n -> 00 , 

which leads to ug 1 = us 2 . Thus, for any 0 < S < 1, we have u = us £ Xs- Since (u n ) n > 1 is a Cauchy 
sequence in E a , for any e > 0, there exists a Ni = Ni(e) such that if n,m > Ni, \\u n — M m ||_E 0 < §■ 
Note that \\u n — u||a ”^°°> 0 for any 0 < <5 < 1. For any e > 0, there exists a N 2 (S) such that if 
n > N 2 (< 5), \\u n — u ||(5 < §. Defining that N = N(S,e) = maxjiVi, AT 2 (<5)} + 1 for any e > 0 and 
0 < 5 < 1, we deduce that for any n > Ni 

\\u n ~ U||i(l - 5) a ^l- < || U n ~ U N \\ Ea + ||UjV “ «IU (1 ~ 1 ~ 

£ £ 

< \\u n — UnWeo. + ||wjv — u\\s <- + -=£• 

Since Ni is independent on <5, it follows from the above inequality that || u n — w|| E a 0. □ 

The following lemmas are crucial to prove Thcorem ld.il 
Lemma 3.6. Let a > 1. For every 0 < S < 1 and 0 < t < we have 

i - <5 > (b 1+i {i( i -6r--}* + i(i - sy + (2 ct+1 - i)-i4. 

2 | a a J 

Proof. Since t < "^ , it follows that 

(3.3) 2(1 - sy > (1 - 5)" + (X ~ 1)- = hl- sy --) + b(l- sy + ( 2 CT+1 - 1 )-]. 

a 2 a 2 a 

Using the fact that (a; + y) p < 2 p_ 1 (a; p + y p ) with p = a, x = (|[(1 — S) a — ^])i > 0 and y = 
(|[(1 — S) a + (2 CT+1 — 1 )~])£ > 0, we deduce that 

(3.4) i[(l - 6)" - l -\ + ^[(1 - <5) CT + (2 CT+1 - 1)£] =x° + y°> 

Plugging (3.4) into (3.3) yields that 

(3.5) 1 -S>^- = (V + 4[(l - <sr - -]* + 1(1 ^ <5) CT + (2 CT+1 - l)-]4. 

2 2 ( a a ) 

□ 
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Lemma 3.7. Let a > 1. For every a > 0, u £ 


E a , 0 < S < 1 and 0 < t < we have 


rt \H T )\\6(r)_ dT < a 2 2 cr + 3 ||M||, Ea / a(l — d) CT 


/o (<k t ) - s y 


(1 - 6Y 


i(l -5)° -t’ 


where S(r) = |(1 + S) + (±) 2 + i{[(l - 6)"- ±]i - [(1 - <5) CT + (2 CT+1 - 1)£]*} € (5, 1 ). 


Proof. By virtue of the definition of E a , we obtain 


(3.6) 


L 


4t)IU(t) 
0 ( S ( T ) - s ) a 


dr < ||u|| Ba 


o (6{t) - <5) <T (1 - 8{t)Y yjl - ^3 


= dr. 




Taking advantage of Lemma 13.61 we have 


(3.7) 

and 

(3.8) 


<5(r) - 8 = 1(1 - 5) + (|) 2+ -{[(1 -6Y-^- [(1 - S)° + (2 CT+1 - 1)J* } 


>(^[(1-^-5*, 


1 - S(t) = hi -6)- (V4[(l - S) a - -]’ - [(1 - + (2 CT+1 - 1)5'} 

2 2 [ a a ) 


>d) 1+ '[(i -6r+(2^~i)-]K 

2 a 


which leads to 

(3.9) 

or equivalently 

(3.10) 


(l-w >(^r + 1 [(i-«r -5 + 5 


a(i-5(T)y-T>(-y+y a (i-6y-T}. 


Plugging (3.7)-(3.10) into (3.6) yields that 

ft ll«Wlli(r) 


(3.11) 


/ 0 (<5( r ) -$)' 


;dr < ||u||_E a 

Jo 

a 2 2 (-+ 1 ) 


o [a(l — 5) a — r] 2 [a(l — 5) a + ( 2°’+ 1 — l)r] 2 

fa(l-sy 1 


—dr 


(1 - 6)° 


\m\E a 


(l- 6 »)f(l + (2 CT + 1 - 1)0)3 


-dd 


a2 20+D 

- (i^F Nk 


1 M K a2 2a+3 \\u\\ Ea I a(l-d) CT 


( 1 - 0)1 


(i-<y)° 


i(l — S) a — t' 


□ 


Proof of Theorem lff.il We only consider the case t > 0. For any t < with a > 0 and 

u(t) € B(uo, R ) C E a , we define that 

(3.12) G(u(t)) = u 0 + f F(T,u(r))dT. 

Jo 
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4 GEVREY REGULARITY AND ANALYTICITY 


Since (3.1) is equivalent to 

(3.13) u(t) = uo + f F(t, u(t ))dr, 

Jo 

it follows that our initial value problem (3.1) can be reduced to find the fixed point of the operator G. 
Step 1: If u(t) £ E a , by virtue of Definition 13.41 we have u(t) is a holomorphic and continuous 
function of t with values in Xg for any 0 < S < 1. The condition (1) of F implies that F(t,u(t )) is a 
holomorphic function of t with values in Xg for any 0 < 6 < 1, which leads to G(u(t)) is a holomorphic 
and continuous function of t with values in Xg for any 0 < S < 1. In addition, if ||w — Mo||_E a — -R> we 
deduce from Lemma [3771 and conditions (2)-(3) that 

(3.14) ||G(u(i)) - u 0 ||<5 < [ \\F(T,u(T))\\gdT < [ \\F(t,u(t)) - F(T,u 0 )\\gdT + [ \\F(T,u 0 )\\sd,T 

Jo Jo Jo 


< 


/■* L\\u ~ uo\\g{T) 

la ( s{T)~sy 


dr 


tM 


< 


a2 2a+3 LR 


i(l-S)° 


tM 


{i~sy- (i - sy V o(i - sy -1 (i - sy ’ 


which implies that 


(3.15) \\G(u(t)) - uo\\ Ea < a2 2a+3 LR + 

By taking a < ^-i) 2 2 ^+ >3 lr+m ) we ver ify that Gu £ B(uq,R) C E a , which leads to G maps 
B(uo,R) C E a into itself. 

Step 2: Assume that u(t),v(t) £ B(uq : R) C E a . Taking advantage of Lemma PT71 and the condition 
(2), we infer that 

(3.16) \\G(u(t)) - G(v(t))\\ s < [ \\F(t,u(t)) - F(T,v(T))\\gdr < 

Jo 

^ f 1 L \\ u - v \\s( T ) , ^ a2 2(7+3 L\\u - v\\ Ea I a(l - 6) a 

-Jo (s(T)-sr T - (i-sr \ja(i-sy-u 

which leads to 


(3.17) ||G(«(i)) - G(v(t))\\ Ea < a2 2a+3 L\\u - v\\ Ea . 

By taking a < 2 -iJ+iL ; we obtain ||G(u(t)) — G(v(t))\\ Ea < |||u— and hence G is a contraction map 

on B(uo, R) C E a . From Step 1 and Step 2, we deduce that if a < To = min{ 22g 1 |_ 4 L , ( 2 °--iy> 2g +3£ r+m }> 
T has a unique fixed point in B(uq , R) C E a . 


4 Gevrey regularity and analyticity 

In this section we investigate the Gevrey regularity and analyticity of solutions to the Camassa-Holm 
type systems. By virtue of Remark 2.2, the case a > 1 is corresponding to Gevrey regularity while 
a = 1 is corresponding to analyticity. Our main results can be stated as follows. 
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4 GEVREY REGULARITY AND ANALYTICITY 


Theorem 4.1. Let a > 1 and s > 4- Assume that it 0 £ G^. S (]R). XTien for every 0 < 6 < 1, there 
exists a To > 0 such that the Camassa-Holm equation has a unique solution u which is holomorphic in 
|t| < T °^~^ with values in G^ S (K). Moreover T 0 si 


,(«) 


Proof. In order to use Theorem 13.11 we rewrite (CH) as follows: 


(4.1) 


Ut = F(u ) = - uP 3 u - P 13 \vf + 7; (P 3 1 t) 2 ], 
u\t=o = U 0 . 


For a fixed a > 1 and s > §. By virtue of Proposition 12.31 we have {G s a , s }o<5<i is a scale of decreasing 
Banach spaces. Let C s be the constant given in Proposition 12.51 By virtue of Propositions 12.4112.51 
and cm we deduce that for any 0 < S' < S, 


(4.2) \\F(u)\\ <s < l -\\P^u 2 )\\ <s + l\\n 2 \\ <a + lmu) 2 \\ <s 


< C, 


2(6 - S')° 


Ml 


2 

G* 


II ||2 

■MMIgj 


G, 


Z <T,S— 1 


G s (e a cr a + 2) 2 

< ——-—-Ml G ‘ 


2(6 — S')° 


which implies that F satisfies the condition (1) of Theorem 13.11 By the same token, we obtain that 
IMMIIg^ < CA 2(1-Sy 2) ||uo||qi ■ Thus, we see that F satisfies the condition (3) of Theorem 13.11 
with M = G s ( e °°° +l)||u 0 ||^i _ . In order to prove our desire result, it suffices to show that F satisfies 
the condition (2) of Theorem 13.11 Assume that ||u — woIIgJ , < R and ||w — woIIgJ , < R- Applying 
Propositions 12.41 and 12.71 we get 


(4.3) 

\\F(u) -F(n)|| G j' < 


2{S _ §I) J U v + IIW - v 2 )\\ <a + -\\P 13 [(P 3 u) 2 - (P 3 v) 2 ]\\ G ,. 


< 


\\u 2 -v 2 \ 


111 2 2 " 


- u IIg*., + y\\(P3u) ~ (P 3 V) ||gJ a-1 


< 


2(6 - 6’Y 

C *2(6 -6’Y ^ l|u + l|u “ + 2 (s C -6'y + P ^ G ^ H P3U “ P 3 «||ci 


^C a (iT°&’ + 1). G 

< ——-—-||u + n|| G £ I|w-w||g£. + 


2(5 - 5')° 


2 ( 8 - 6 ')° 


If + w IIg* If-v||g* 


G s (e °u r7 + 2) . 

< —————(IMIg* . + IMIg* JIf - not 


< 


2(5 — 5'Y 
C s (e~ (7 a a + 2 ) 
(S - 5'Y 


(IMIgj, + R)\\u-v\\ G ," < + R)h - v\\ G s 


From the above inequality, we verify that F satisfies the condition (2) of Theorem 13.11 with L = 
C s (e~ a a' y +2)(\\u 0 \\ G i s +R). Moreover, T 0 = min{ , ( 2 --i) 2 ^lr+m }> b y setting R = MHg^, 
we see that L = 2C s (e~ a a a +2 )\\u 0 \\ G i s and M < 2 2,7+3 LR. Then, we have T 0 = 2 ^+^c s (e-<'a<'+ 2 )\\u 0 \\ Gl 

□ 
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4 GEVREY REGULARITY AND ANALYTICITY 


Theorem 4.2. Let a > 1 and s > |. Assume that m 0 £ G\ S (R) and po £ G* S _ 1 (K). Then for every 
0 < 6 < 1, there exists a Tq > 0 such that the two-component Camassa-Holm system has a unique 

solution (u, p) which is holomorphic in |f| < T °^~^ with values in G^. S (R) x G^. S _ 1 (IR). Moreover 

_1_ 

^ II u °IIg1 s (K) “1“IIPO II S _ 1 (R) 

Proof. We only consider the case k = 1, and change the 2-component Camassa-Holm (2CH) system 
into the following form 


(4.4) 


where 2 = ( u,p ) T , zq = (ito,Po) T an< i 


z t = F(z), 
Z\t=0 = Z 0 , 


(4.5) 


/Fi(z)\ _ /-P 3 (t-) - P 13[w 2 + h( p 3 u ) 2 + IP 2 ] 

\ P 2 (z)J \ ~Ps{up) 


For fixed a > 1 and s > §, we set X$ = G s a s (JR) x G^ g _ 1 (M) and 


2 IU — IMIgj iS + IIpIIg* 


Thanks to Proposition 12.31 we have {AT,s}o<, 5 <i is a scale of decreasing Banach spaces. Let C s be 
the constant given in Proposition 12.51 According to Propositions 12.41 12.51 and 12.71 we have for any 
0 < S' < 6, 


(4.6) \\ f i(z)\\ g sj s < hp 3 (u 2 )\\ GSja +h\u 2 \\ asJs + A||(P 3M ) 2 || <3 _ i + i||p 2 || Gf , 


2 

< C. 


2{5 - 5'Y + + -y II p 3m|| Gi^ + ylMIc^ 


C a (e a (T r7 + 2) 2 

- 2(5 -sr 11 IIg; 


Cs 


< 


Csie-^a* 


3) 


2(5 - 5 , )‘ T G '' s - 1 “ 2(5 — 5'Y 


\\z 


\l 


(4.7) 


ll p 2(.~)|| ( 


< 


(5 - 5')' 


-IMIg* 


< 


C s e~ a cU 
(5 - 5'Y 


IMIgjJIpIIg* iS 


< 


G s e- <T cr CT 
(5 - 5'Y 


Ml 


2 

51 


which imply that ||F( 2 )||, 5 ' = ||-FiOz)IIg 4 ' + ll p 2(~)|| G <5' x — ^^S§U^-\\ Z \\s an( I p satisfies the 
condition (1) of Theorem 13.11 By the same token, we obtain that ||P(2o)||<5 < • 

Thus, we see that F satisfies the condition (3) of Theorem 13.11 with M = Ga( ' e ° +5 - > ||zo||i- In order 
to prove our desire result, it suffices to show that F satisfies the condition (2) of Theorem 13.II Assume 
that || 2 i — 2 q ||<5 < R and \\z 2 — 2o||a < R- Taking advantage of Propositions 12.41 and 12.71 we get 


(4.8) 

||Pi(~A) - Fi(z 2 )\\ GSja < -- ul\\ G S' B + || P 13 (ul 
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4 GEVREY REGULARITY AND ANALYTICITY 


+ 2 H^ 13 [(^^l) 2 - (P3U2) 2 }\\ g s t ' b + -j\\Pi3(p\ - pI)\\g^ s 


< 


2(6 -5'Y I|m ' “ m 2 IIgj, s + \\W\ - u\\\ G%i 


+ \(P3 u l) 2 ~ (^3M2) 2 ||gJ s _ 1 + 2^1 — 

^ C B (e~^ + 1). 

- 2(S-6')* " Ul + U2 " GS «J Ul ~ U2 "G 6 ~,s 

+ II P 3 U 1 + P 3 U 2 IIg^ a-1 \\P 3 Ul - P 3M2|| G ^ s _ l + ^llpi +P2 ||g^_ 1 IIP1 -pallc; 

^C s (e-V CT + 1). a 

< -—--—-|N +U 2 WG 6 J «1 -U 2 II G 5 , + 


2(<5 — 5'Y 
c 

+ -yll p i + - Z 32 HgJ S _ 1 

C s (c G c G + 2) ... .. .. 11 \M 

< ————--(IN a + N a )\\zi ^ z 2 \\s 


2(6 — 5'Y 


\U! + u 2 \\gz \\ui - U 2 \\ G 6 


< 


2(6 -6 r Y 

C s (e~°o° + 2) 
(5 - 5'Y ' 


Ms+ r)\\zi - Z2h < Cs %: a ;,; 2 \ uh + nn - * 


(4.9) 

C~ G (J G C~ G (J G 

INN) - i ? 2N)|| G J' s _ 1 < ^ _ 5 ,y \W\Pl - U2P2 \\gY- 1 - (,5_^) CT [ll( Ml “ + IIOl - 

< + IMNJN - MgI'.J 

< ^(INIWN - «2[|g*., + \Ms\\pi - pi IIg* iS _ 1 ) 

< ^;;;; (INII,+^xin - ^hg*..+in - nig^j 
- (jlIr (l|zolll+J?)l|;gl ~ Z2lu - 

From the above inequalities, we verify that ||FN) — F(z 2 )|U' = INN) — (^ 2 )Hg 5 ' + INN) — 

F 2 (z 2 )11g* 57 — 2C ' S (a-a')o +1 ^ (IN 0 II 1 + i?)|Ni — NU and p satisfies the condition (2) of Theorem 13.II 

with L = 2C s (e~ a a tT + l)(|fyo||i + R)- Moreover, T 0 = min{ 2 N-t £ , (2 ^_i %^Ulr+m }’ N setting 
R = |fyo||i, we see that L = 4 C s (e~ ,7 a cr + l)|fyo||i and M < 2 2a+3 LR. Then, we get that T 0 = 

2^+ B C s (e-"!T^ + l)||2o||l ' ^ 

Remark 4.3. By the similar argument as in the proof of the above theorem, one can obtain the Gevrey 
regularity and analyticity for the modify 2-component Camassa-Holm system (M2CH). 

Theorem 4.4. Let a > 1 and s > Y Assume that (uq,vo,wo) € (G* S (R)) 3 . Then for every 
0 < 6 < 1, there exists a To > 0 such that the three-component Camassa-Holm system has a unique 
solution (u,v,w) which is holomorphic in |t| < To 2 *~^ with values in (GN(®0) 3 - Moreover Tq p» 
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4 GEVREY REGULARITY AND ANALYTICITY 


_ 1 _ 

(ll“° IIg? 1 s +ll' L, 0 ll G l s +11^0 lie! s ) 2 + ll“0 IIgi s + 11^0 lie! s + II' l6 ’oIIg?J. >s ‘ 

Proof. By virtue of (3CH), we see that a = P\u 7 c = P\W and b = P 2 (w ■ P 13 U — u ■ P 13 W) + 2 P 2 (Pi 3 U ■ 
P\w — P\u • P 13 W) — 2P 2 v = B(u, w) — 2 P 2 v. Hence, we change (3CH) into 


(4.10) 


U t = F(U), 


U\t=o — Uq, 


where U = (u,v,w) T , Uq = (uo,Vo,wq) t and 


(4.11) F{U) 


^Pi(P)^ 

F 2 (U) 

\F3(u)J 


( -v ■ P13U + P 3 u(B(u , w) — 2 P 2 v) + |u(P3.B(«, w) — 2 P 23 v ) - |u(Pi 3 u • P13W — P\u ■ P\w) \ 
2 v ■ P3 B(u, w) — AuP 2 3V + P3V ■ B(u , w) — 2P3vP 2 v 
\—v ■ P13W + P 3 w(B(u, w) — 2 P 2 v) + %w(P 3 B(u, w) - 2 P 23 v ) + |^(Pi 3 u • P13W - P\u ■ P\w) J 


For fixed a > 1 and s > we set Xs = (G^ S (R)) 3 and 


11^11(5 — IMIg* , + IMIg* , + IMIgJ 


Due to Proposition 12.31 we have {^l 6 }o< 5 <i is a scale of decreasing Banach spaces. 

Let C s be the constant given in Proposition 12.51 Taking advantage of Propositions 12.4112.51 and 12.71 
we verify that for any 0 < S' < S 

(4.12) ||Pi(P)|| G|:a < ^\\v\\ GSj Ju\\ <s + ^^\\ u \\ Gi J\\B(u,w)\\ G ^ + \\\v\\ &: ) 


1 


15 


+ ^^s\\u\\ G sJ b (\\P3B(u, w)IIg£' s + dMlG«' s ) + IMI G <5' IHIgJ 


Since B(u , w) = P 2 (w ■ P13U — u ■ P13W ) + 2 P 2 (Pi 3 u ■ P\w — P\u ■ P13W), it follows that 


(4.13) \\B(u,w)\\ gS ' , \\P 3 B(u,w)\\ g s' < -:C a \\u\\ GS > ||w|| G j/ . 

<J,S CT ,S ZL CT,S <J,S 

Plugging (4.7) into (4.6) yields that 

(4.14) 

ll*i(tOII G5 ',. < l C sM GSj Jv\\ Gi[s + 3C^\\u\\% 5 ,Jw\\ Gi[e + + |h«[Ig*%) 


< 


c 


< 


(5 - S')' 

Cs\\U\ 1 

(s - S'Y 


"( 3 ' 


3e- a cr a 


C* 


Mh*J w \\ei, s + {§ _ sr , A 


7 e- a a° 


(7 + 


MIg'NIg*) 


2 r 


C,\\U\\ S (3 + 


3 e- a (j a 


4 ) + ( 4 + 


5 e~ <T a° 
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4 GEVREY REGULARITY AND ANALYTICITY 


By the same token, we have 


CsWUfs 

(8 - 8'Y 

C,\\u \\ 2 


V ~ S') 


(4.15) < 

(4.16) \mU)\\G*. < 

which lead to 

(4.17) 

||F(t/)||^ = \\Fi(U)\\ G 6> + \\F 2 (U)\\ GS , + || F 3 (U)\\ g ,' < 


c s \\uul + ^^) + ( l + 


4 

3e _0 ’er°’, ,5 e-°o a 

4 


S 1 C' s ||t/||i(3 4 - ) + (tH ^ ) 




.. .. .15 9e "a" 9 3e <T cr' T 1 

C,l|C|| j( — + j ) + <2 + 2 ' 


(i-f) 

Thus, we verify that F satisfies the condition (1) of Theorem 13.11 By the similar estimates as above, 
we obtain that 


(4.18) 


ll*WHtf < 


CsWUoWl 

(1-8Y 


.. .. 15 9e a cr a 9 3e <T cr cr 

C s \\Uo\\i( Y + —j~) + (g + —2—) 


which implies that F satisfies the condition (3) of Theorem 13.11 and M = C' s ||£/o||i 


CsWUoh 


' 15 


9e~ a a° 


■) + (§ + 


3e a 


. In order to prove our desire result, it suffices to show that F satisfies the 


condition (2) of Theorem l3.ll Assume that \\Ui — C/ 0 ||<s < R and ||C/ 2 — Z7o||<s < R for every 0 < <5 < 1. 
Making use of Propositions 12.51 and 12.71 we obtain that for any 0 < S' < 8 < 1 

(4.19) 

ll^llc 5 ' = ||Vl-Pl3«l - V2Pl3U2\\ G s' < —C s ||^i - V 2 \\ G s' ||ui|| G «/ + ^C'sll'Wl - U 2 \\ G &' IMIg- 5 ' 

(7. S (7,S / (7 , S <7 ,S / (7,S (7, S 

< C s \\Ui - U 2 U\\U 0 \\ 1 + R) < Cs( ^,+ R) II ih - u 2 \\s, 


(4.20) 

\\ n \\Gi'„ = \\P3U1P2V1 - PzU 2 P 2 V2\\ G 6' < - I7wll Ml — u 2||g*. /1 II w i||g*., + 777~—77w II u 2||g£ J| u l “ v 2\\g 5 „ 


< 


4(5 - S') 

Cs(||£/o||i + R)e~ a a a 

2(5-8'Y 


4(8 - S') c 


ll^i-^lk 


(4.21) 


= \\U 1 P 23 V 1 - U 2 P23V2\\ G SJ s < lc g ||ui - HIg«.'JI u i|Ig*', + \ C s\\ u l _ ^IIgJ'JI^IIgJ^ 

< - c/ 2 iu(iit/oiii+ r) < c ' a 2 l (f- i ^ ) Wi - U2h ’ 


(4.22) 


a 2 


||/P|| G 5 ' = \\u1P13U1P13W1 — U 2 Pl 3 U 2 Pl 3 W 2 \\GS' < “rll' u l ~ U ^\\g s ' ll^lllc 5 ' 11^1 IIg*' 

<7,S <T,S Zl <7, S 7 , S <7, 
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4 GEVREY REGULARITY AND ANALYTICITY 


CJ 2 (jZ 

+ -j-H u i ~ w 2 || G j'J|u 2 || G ^J|wi|| G ^ + -j-||u>i - w 2 \\ GS j a \\u 2 \\ 2 G 5 j a 


< 


3C^\\U 0 \\ 1+ Ry 

4(6-6'Y 


\\Ui 


u 2 \\ s , 


G s> = \\UlPlUlPlWx - U 2 PlU 2 PlW2\\ G 6> < 


3CU\\U 0 \\i + R) 2 
(6 - 5'Y 


\\Ui-u 2 \\ s , 


(4.23) 


||-B(ui, Wi) - B(U 2 ,W 2 )\\ G SJ B < C(P 2 )\\w 1 P 13 u 1 - W 2 Pl 3 U 2 \\ G 5j B + C(P 2 )\\uiP 13 Wi - U 2 P 13 W 2 \\ G 5J s 


+ 2C(P 2 )||Pi3WiPiWi — Pi 3 u 2 P\w 2 \\ G 8j ^ + 2C'(P 2 )||Pi3WiPlMi — P\ 3 w 2 Piu 2 \\ G 8^ 


< 


3C s (||Po||i + R) 

2(5-6'Y 


\Wi 


U 2 \\s , 


(4.24) 


||P 3 P(ui,w;i) - P 3 B(u 2 , w 2 )|| < C'(P 23 )||w;iPi 3 Ui - w 2 P 13 u 2 \\ G ^ + C'(P 23 )||uiPi 3 -uii - u 2 Pi 3 w 2 \\ gs ^ 


+ 2C'(P 23 )||Pi 3 uiPiw;i - P\ 3 u 2 PiW 2 \\ gS ^ + 2C'(P 23 )||Pi 3 w;iPiMi - Pi 3 iu 2 P 1 u 2 \\ g s'* 


< 


3C s (||P 0 ||i + R) 
2(6 — S'Y 


\\Ui 


U 2 \\s, 


(4.25) 


C s e~ a a a , 


\\ vi \\ G *Y = \\YiUiB(ui,wi) — P 3 u 2 B(u 2 ,w 2 )\\ g s'^ < ^ _ 5 ,y ||m ~ u 2 \\ G s r J\B(ui,w{)\\ GS j 


+ 


(<5-<5') c 


IM| G « ||P(ui,Wi) - P(m 2 ,w 2 )|| g5 ' < 


9^6-^(11^011! + Rf 

4(6 - 6’Y 


\\Ui-U 2 \\ s , 


(4.26) \\VII\\ G sj g = ||miP 3 P(mi,wi) - u 2 P 3 B(u 2 ,w 2 )\\ gS j* < C s \\ui - u 2 || G «'J|P 3 P(tti, wi)|| G «' s 
+ C s \\u 2 \\ gS J\P 3 B(u 1 , w 1 )-P 3 B(u 2 ,w 2 )\\ <s < 

Since Pi (Pi) — F\(U 2 ) = — I — 211 — 3 III — | IV + |V + VI + | VII, it follows from the above 
inequalities that 


(4.27) 

\\Fi(UY 


Fi(U 2 )\\ G s* < 


C s ||Pi - P 2 ||j(||P 0 ||i +P) 


(6 - 6 ’Y 


CUIIC/olli + R)( 9 + + {\ + e~ a v°) 


By the similar way, we deduce that 


(4.28) 

\\F 2 (UY ~ F 2 (U 2 ) 


I G* ^ 


C a \\Ui-U 2 \\ e 


+ R) 


(6 — 6'Y 


C s (\\Uoh 


R)(l 


9 e~ 


-) + (2 
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5 CONTINUITY OF THE DATA-TO-SOL UTION MAP 


(4.29) 

||F3([/i)-F 3 (C/2)|| GriS < 

which lead to 

(4.30) 


CsW^-UzWs 


-t- R ) 


(6 - S')° 


C f 


i + R)(9 


9e- a a a 


) F (— + e a cr 


a ) 


\\F(Ui) - F(U 2 )\\s' < 


C.Wlh-UiWs 


-t- R) 


C s 


43 27p~ a rr a 

' ■^ )(_ 2 ’ ” l 4 - } + (7 + 3e~ rT cr <7 ) 


( 6 - 6 ')« 

The above inequality implies that F satisfies the condition (2) of Theorem 13.11 and L = G s (||t/o||i + 


R) 


. Moreover T 0 = min-j ^J^ , ( 2 ._i(W+affl+A / h V 


C B (\\U 0 \\i + R)( f + + (7 + 3 e~ a a°) 

setting R= ||t/ 0 ||i, we see that L = ||17o||iC'i i(T +C' s ||17o||iC2, C r, M <2 2cr+3 LR. Then, we deduce that 

To = 2^T4 l = 2 ^+*ic*\\Uo\\ l icl„+c 3 \\Uo\\ 1 c 2 ,„] where C L° = 90 + 27er a o a and C 2 ,* = U + 6e~ a a a . □ 


5 Continuity of the data-to-solution map 


In this section, we investigate the continuity of the data-to-solution map for initial data and solutions 
in Theorems 14.1114.21 and 14.41 We only prove this for the 3-component Camassa-Holm system (3CH) 
since it is much complex and the proofs are similar for the other systems. 

Theorem 5.1. Let a > 1 and s > Assume that (uq, vq, wq) £ (G 3 S (R)) 3 . Then the data-to-solution 
map ( uq,vo,wq ) i —> ( u,v,w ) of the 3-component Camassa-Holm system is continuous from (G 3 S (R)) 3 
into the solutions space. 


Firstly we introduce a definition to explain what means the data-to-solution map is continuous 
from (G 3 s (®0) 3 into the solutions space. 


Definition 5.2. Let a > 1 and s > We say that the data-to-solution map (uo,Vq,wo) (u,v,w) 
of the 3-component Camassa-Holm system is continuous if for a given (ug°, Vq 2 , wg 0 ) £ (G 3 S (R)) 3 
there exists aT = T(||Mg°|| G i s , ||vo°|| G i s , ||u7o°|| g i „) > 9 such that for any sequence (uq,Vq,Wq) £ 
(G 3 S (R)) 3 orid ||uq — Uo°|| G i s + ||vg — Uq°|| g i s + ||wg — iUo°|| G i ^ 0, the corresponding solutions 

(u n ,v n ,w n ) of (3CH) satisfy \\u n — u°°||e t + ||u" — v°°\\e t + ||w" — w°°\\e t ”~ > °°> 0, where 

(5.1) |M \ Et = sup 

i«i< T <v_r -0<6< i 

Proof of Theorem 15.11 Without loss of generality, we may assume that t > 0. As in the proof 
of Theorem 14.41 we use the same notation U n = (u n ,v n ,w n ) T , Uq = (uq,Vq,Wq) t and ||C / rl ||,5 = 


Hman-srJi- 


\t\ 


T{l-6) c 


\u n \\ G s + ||u n || G 6 + ||w n || Gi . Define that 


(5.2) T°° = 


22-+ 4 [G2||t/ 0 -||fGl, CT + C s 11 Uq° 11 \ C2 , cr ] ’ 


rj-in _ 


2^+ 4 [G2||G 0 -||?Gi, ct + G.IIC^UrGa.d ’ 
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5 CONTINUITY OF THE DATA-TO-SOL UTION MAP 


where Ci j(T = 90 + 27e <7 a a 1 C 2 .a = 14 + 6e <T cr cr and C s is given in Proposition 12.51 Since || Uq — 
J7 0 °°||i 0, it follows that there exists a constant N such that, if n > N we have 

(5.3) rau < mu+ 1 - 

By setting 

(5.4) T = 


2 2 '+ 4 [C?(rail 1 + 1 ) 2 C 1>a + C , s (||{7o°|| 1 + 1)C 2 , ct ] ’ 
we deduce from (5.2) that T < min{T ra ,T°°} for any n> N. As in the proof of Theorem 14.41 we see 
that T n and T°° are the existence time corresponding to 1111 1 and ||C/^° || respectively, which implies 
that for any n > N 

r( i - sy 


(5.5) 

(5.6) 


U°°(t,x) = Uy(x) + J F(U°°(t,x))dr , 0 < t < , 

U n (t,x ) = Uq(x) + j* F(U n (t, x))dr, 0 <t< 


where F is given in (4.11). From the above equations, we verify that for any 0 < t < an( l 

0 < S < 1 

(5.7) \\U n (t) - U°°(t)\\s < \\UZ° - Uq\\s + f || F{U n {r)) - F(U°°(r))\UdT. 

Jo 

Define that S(t) = |(l + 5) + (l) 2+ i |[(1 — S) a — ^]i — [(1 — 5)° + (2 CT+1 — 1)^]^ |. By virtue of Lemma 
13.71 we see that 8 < 8(t) < 1. Taking advantage of (4.30), we obtain || F(U n (r)) — .F([/ 00 (t ))||,5 < 
L||t/ (g(r)-g) ( * )lli(T) where L = C S \\Uo\\lCi,<j + C' s ||?/o||iC' 2 , <7 . Plugging it into (5.7) yields that 

wu n (t) - ^°°(t)Hi < nt/o 00 - K\u+Lj* • 


(5.8) 


Applying Lemma 13.71 with a = T, we deduce that 


-dr. 


(5.9) 


\\U n (t) — f/°°(t)||5 < ||C7o° — Uq\\s + L 


T2 2a+3 \\U n - U°°\\e t / T(l-8)° 


(i - sy 


T{i-8y -t 


Since T — 2 ‘ i ”+ i [c^{\\ug o \\ 1 +iy i c 1 1 ,„+G s (||t 7 ^ c || 1 + 1 )c 2 ,„] anc ^ ^ — ^lWo\\\Ci^ + C' s ||t/o||iC , 2 , ( T, it follows 
that LT2 2a+3 < 1. Then, we have 


(5.10) II U n (t) - U°°(t )\\ 5 < ra - us\u + 

which leads to 

(5.11) 


1 \\U n - U°°\\e 7 T(1 5)0 


2(1-5) 


T(i~sy -t’ 


\\uyt) - t/°°(t)iu(i - syJ i - ^ t „ < ra - f/o IU(i - syj i - ^ „ + h\u n - u°° \\ Et 


t(i — sy 


T(i-sy 2' 
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o 


-oo 



Note that the right hand side of the above inequality is independent of t and S. By taking the supremum 


over 0<<5<l,0<t< , we obtain that 


(5.12) 


II U n - U°°\\e t < \\U§° - t/ 0 li + \\\U n - U°°\\ Et 


which implies that 


(5.13) 


\\U n - U°°\\ Et < 2||£/ 0 ° o - C/^Hr. 


The above inequality holds true for any n > N and leads to our desire result. 


Remark 5.3. In the period case, the Sobolev-Gevrey norm can be stated as follows 


(5.14) WfWc^m = (1 + \k\ 2 Ye^ |/(fc)| 2 ) 2 = \\e s ^ /||*. m , 



and the similar propositions still hold true. Taking advantage of Theorem \3. 1\ and by virtue of the same 
argument as in Theorems \ f.l\ \f.3\ \4-4l an d 15.11 we get the similar Gevrey regularity and analytic for 


the Camassa-Holm type systems. 
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